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Abstract-The analysis of the freezing-out process presented in Gradod and Orlicki, Int. J. Heat Mass 
Tramfer 27,1141-l 148 (1984) provided the basis for preparing themathematical description ofthe separation 
of eutectic mixtures, taking into consideration the freezing effects taking place by supercooling. The results 

obtained from the numerical solution were compared with experimental data. 

INTRODUCTION 

OUR PREVIOUS paper [l] presented the mathematical 
description ofthe process of separating liquid mixtures, 
based on the separation of benzoic acid-naphthalene 
eutectic mixtures. The changes in physicochemical 
properties of the mixture occurring in the course of the 
process and caused by changes in local temperature and 
concentration in the phase boundary zone, were taken 
into account. The analytical forms of the functions 
describing changes in the values of coefficients present 
in balance transport equations were determined from 
the known correlations or by polynomial approxim- 
ation of experimental results. This model allowed for 
sufficiently accurate analysis of the phenomena taking 
place during the freezing-out process and for 
determining the influence of particular controllable 
parameters on the efficiency of the separation process. 

Due to the complex character of equations (i.e. 
nonlinear character of equation coefficients) the 
numerical analysis of the system of differential 
equations was also found to be complex. Besides the 
above model would not be easily adaptable for those 
separation processes where the influence of tempera- 
ture and concentration on the process parameters (such 
as viscosity, diffusivity, heat conductivity) was 
unknown or only partly known. 

Taking the above into account this paper presents a 
simplified version of the model and compares this to the 
general model when the latter applied to the same 
system undergoing the separation process. 

In a later section of this paper the results computed 
using the mathematical model are compared with 
experimental results obtained while carrying out the 
investigated process in an apparatus designed 
specifically for this purpose. 

MATHEMATICAL DESCRIPTION OF 
THE PROCESS 

The liquid bi-componental alloy was placed in a sink 
provided with a mixer (Fig. 1). The temperature of a 

liquid phase core was T, and the concentration of the 
freezing-out component was c,. A turning barrel was 
placed in the sink. The temperature of the barrel’s wall 
was To. Numerical calculations and experimental 
verification of the process were carried out for the 
eutectic mixture comprising naphthalene (N) and 
benzoic acid (K,,). The crystallization equilibrium curve 
for this system is presented on Fig. 2. Figure 3 illustrates 
the physical conditions of the model. By determining 
the quantitative dependencies of the process it was 
assumed that due to the barrel radius being much 
bigger than the thickness of the freezing-out layer the 
problem could be considered to be one-dimensional. 
Furthermore it was assumed that (a) the local 
thermodynamic equilibrium was reached on inter- 
phase boundary; (b) the centres of crystallization were 
uniformly arranged; and (c) temperature gradient and 
energy dissipation could be neglected. It was also 
assumed that no external forces were affecting the 
system. 

In opposition to the general model the physico- 
chemical parameters of liquid and solid mixtures were 
assumed to be constant within the investigated 
temperature range, along with the rate of flow in a 
liquid phase (plug flow). 

FIG. 1. The system for separation by freezing-out process. 

Hrn Zs:11-A 1983 



1984 LEON GRAW~ and DARIUSZ ORLICKI 

NOMENCLATURE 

C molar concentration [mol Greek symbols 
dme3] 

CP 
specific heat [J kg- ’ K- ‘1 Z 

occlusion coefficient 
boundary-layer thickness [m] 

D diffusion coefficient [m2 s- ‘1 1 thermal conductivity [W m-l K-r] 
H heat of solidification [J kg- ‘1 p viscosity [Pa s] 
h integration step P mass density [kg mB3]. 
K separation coefficient, C,/C, 
T temperature [K] 
t time [s] Subscripts 
u rate of solidification [m s- ‘1 N naphthalene 
V rate in the liquid alloy [m/s- ‘1 Kt. benzoic acid 
x spatial coordinate 1 liquid 

Y mole fraction. S solid. 

After analysing experimental results, the effects 
caused by the presence of a freezing alloy layer on the 
interphase boundary were taken into account in this 

THE FREEZING-OUT PROCESS 

Differential mass balance in the solid phase : 

model. The obtained results showed that these effects 
essentially influenced the freezing-out process because 
freezing did not lead to differentiation in the 
composition of the mixture. 

Mass and energy balances were derived from the 
model of a boundary layer in inertial coordinates system 
related to the interphase boundary. Time unit At was 
the basis for all the balances given below. The chosen 
surface units in the balanced area were normal to the 

a(r) ax 
%,I& r) + %,r& r) 

at = 
O (1) 

initial condition : C*,Nb, 0) = 0 

boundary condition : C,,JO, t) = C,,,(t). 
(1’) 

Differential energy balance in the solid phase : 

1 a%x,r) aK(x, r) 
___ J ax2 - wwp, ~ ax 

aK(x,r) o 
+ P&s - = at 

direction x along which the crystallization proceeded. (2) 

84- 

initial condition : VI 0) = To 
A boundary conditions : T,(O, t) = x(t) (2’) 

T,[-u(t).t,t] = To. 

Differential mass balance in the liquid alloy : 

_DN.Kb & L cd&t); YN(X, t) 
1 
-u(t); 

X aqNh t) + acl.N(X9 t) 
ax at 

= 0 (3) 
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FIG. 2. Distribution of temperature and concentration in FIG. 3. Crystallization equilibrium curve of naphthalene- 

boundary layers. benzoic acid mixture. 
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initial condition : G,&,O) = cm 

boundary conditions : C,,JO, t) = C,,,(t) 

C,,N(L~) = Cw 

(3') 

Differential energy balance in the liquid alloy : 

initial condition : 

boundary conditions : 

Il;(x,O) = Tm 

T(O, t) = TL(t) (4’) 

IT;@,, t) = T,. 

Differential mass balance on the interphase 
boundary : 

ahk 4 
+ DN,K,C,,,@) ~ ax 

= 0 (5) 
X=0 

G,&) = JCW)l (5’) 

C,,,(r) = Cl -WI ~_fxwl+ ~(~)~fiCWl. (5”) 

Differential energy balance on the interphase 
boundary: 

ah(X, t) 
x CTdt) - &I T + u(t)p,M(t) = 0. (6) 

.X=0 

THE FREEZING PROCESS 

Mass balance on the interphase boundary : 

G,,@) = fiCG(Gl = cm (7) 

C,,,(r) = _u.Wl. (8) 
The difference in concentration values [equation (8)] is 
due to the changes in volume caused by phase 
transition process. 

Differential energy balance on the phase boundary : 

W) = TE (9) 

+u(t)p,M(t) = 0. (10) 

The numerical values of the coefficients present in 
equations (1HlO) were taken from ref. [2]. Their values 
used in the computations were chosen so as to represent 
the mean values of the applied range of thermodynamic 
parameters of the process. 

The occlusion coefficient c( was defined as the ratio of 
the volume of the liquid phase enclosed in the solid 
phase to the total volume of crystalline phase, 
according to the equation (11) : 

cr(t)=A+Bexp C . [ 1 u(t) (11) 

This equation was derived from theoretical model of 
occlusion [4] based on the crystallization mechanism 
involving the formation of dendrite structures and 
interference of dendrites from adjoining crystals. The 
conditions leading to the loss of the form stability of 
crystals were given in ref. [S]. 

Numerical computations of the system of equations 
were carried out by the Crank-Nicholson method. The 
conditions and differential scheme were the same as in 
ref. Cl]. 

The following values of the parameters (external) 
were used by computations : 

T, = 358.16 K C, = 7019.8 mol mm3 

To, = 341.36 K To2 = 338.16 K 

6, = 2.9 x 10m4 m S, = 5x 10m5 m 

A = 0, B = 0.1, C = -0.472x 10’. 

As was shown in our previous paper the separation 
efficiency determined by the separation coefficient K 
(defined as the ratio of the component concentration in 
the liquid phase to its concentration in the solid phase 
under equilibrium conditions) could be increased by 
introducing a device controlling the temperature of the 
barrel wall. Both descriptions of the two-zone freezing- 
out process wherein the temperature of the barrel wall 
are ToI and To2, are compared below. The results ofthe 
computations are presented on Figs. 4-7. 

The curves illustrate the changes in separation 
coefficient K, temperature of solidification area T, rate 
of solidification u(t) and thickness of the solid-phase 
layer with the real time of the process. They present the 
changes in the key parameters of the freezing-out 
process. It may be seen that simplifying the model only 
slightly influences the final results. In every case the 
relative error determined with regard to the accurate 
model does not exceed 10%. In the next part the 
experimental results are compared with the results 
obtained when using the simplified model of the 
freezing-out process. 

THE COMPARISON OF EXPERIMENTAL 
RESULTS WITH MATHEMATICAL 

DESCRIPTION 

Figure 8 shows the scheme of apparatus wherein the 
experimental researches were carried out. The main 



1986 LEON GRADO~ and DARKJSZ ORLICKI 

I. I I1 1 A 11 ’ 1 ’ ‘1 ’ 1 ‘- 
a 10 20 30 40 50 60 70 80 90 100 110 IZU I30 MO ISD 160 I70 180 190 

t [Sl 

FIG. 4. Dependence of separation coefficient on time. 
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FIG. 5. Temperature of solidification zone vs time. 
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FIG. 6. Rate of solidification vs time. 
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--*--x- prevrous model 
--o- present model 

I I I I I1 1 I, 1 1 I I 

0 IO 20 30 40 50 60 70 80 90 IO0 110 120 I33 UO 1x1 MO NO 18U 2~70 
f [sl 

FIG. 7. Thickness of solid-phase layer vs time. 

element is the barrel 1 placed in the sink 2 of the 
thermostat. The barrel’s surface is cooled by the cooling 
medium flowing over its wall. Inside the barrel are the 
elements, profiled to direct the flow of the cooling 
medium. The front walls of the barrel are heat insulated 
in order to prevent crystallization thereon. The cooling 
medium flows into and from the barrel in concentric 
pipes placed along its axis. 

The barrel is rotated at the appropriate speed using a 
suitably geared electrical drive 5. The system is also 
equipped with devices for controlling temperature of an 
alloy in the sink, of the barrel wall and the thickness of 
the frozen-out layer. 

The naphthalene-benzoic acid alloy of a desired 
composition is placed in the sink 2. After melting, its 
temperature settles at T, and the temperature of the 
barrel wall at To- The barrel drive system is switched on 
to give the appropriate speed of rotation. When the 
layer ofsolid phase on the barrel wall reaches its desired 
thickness, a section of it is removed for analysis. At the 

FIG. 8. Scheme of control device. 

same time a sample of liquid alloy is also removed for 
analysis. 

The samples are analysed by titration of their 
benzene solutions with 0.1 N aqueous NaOH solution 
in the presence of phenolophthalein. Figure 9 presents 
the results ofcomputing the separation coefficient K for 
the mixtures ofnaphthalene and benzoic acid separated 
by the freezing-out process carried out in the one-step 
barrel freezer, based on the above mathematical model 
of this process. The parameters of the process are given 
below : 

To = 335.46 K T, = 358.16 K 

C, = 7019.8 mol drnm3 6, = 1.6 x 10e4 m. 

The figure presents the curves obtained using 
different values of occlusion coefficient a. Its theoretical 
value is computed using the theory assuming the 
stability of form of the growing dendrites. The curves l- 
4 relate to the cases wherein the changes in 0: values lie 
within the range applied during the process. 

The characteristic increase in the value of separation 
coefficient (curves 2,3 and 4) takes place by passing from 
the conditions under which the freezing of the solution 
takes place to the conditions under which the freezing- 
out occurs. 

When the first-stage periods of time are short 
(freezing effect) due to the small thickness of the freezing 
layer, the extreme value of K is observed when the time 
required for conducting the process is short. 

After this stage the coefficient decreases in an 
asymptotic way to its primary settled value. The value 
of K increases rapidly only by the particular driving 
force of the process, implying the rate u(t), CL coefficient 
and the shape of its curve (more or less broadened) 
changes according to the changes in the process 
conditions. 

The values of A, B and C, present in equation (ll), 
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FIG. 9. Comparison of computed and experimentally determined separation coefficient vs time. 

used for computing c( are given below : 

A B c 

1 0 0.1 -0.472 x lo-’ 
2 3x10-2 0.5 -0.472 x 1O-5 
3 3 x 10-z 0.55 -0.472 x lo-’ 
4 3 x 10-2 0.6 -0.472 x 10-5. 

Curve 5 on Fig. 9 presents the experimental results 
obtained under conditions applied by numeric 
computations. The technological conditions of the 
process require the chosen freezing-out time periods to 
lie within their upper range. Under these conditions the 
obtained values of the thickness of solid-phase layers 
ensure higher accuracy of measurements. The 
comparison of experimental results with the model 
indicates that themodel approximates the real progress 
of the process with sufficient accuracy. Determination 
of the accurate value of the occlusion coefficient, which 
greatly influences the efficiency of separation, requires 
further analysis. 

Up to now solutions of Stefan’s problem explain the 
differences between the experimental results and the 
theoretical description by the influence of c( and its 
values are chosen so as to achieve compatibility. In 
order to avoid this the values of t( introduced into our 

computations were found out from theoretical 
methods. 

SUMMARY 

The presented results allow for the assumption that 
the proposed simplified model of separating liquid 
mixtures by freezing-out process sufficiently ap- 
proximates the real progress of this process. As in order 
to compute the process according to this model it is 
necessary to consider only external controllable 
process parameters and the values of transport 
parameters that can be found in the tables, it may be 
found useful by pre-planning such separation systems. 
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SEPARATION DES MELANGES LIQUIDES PAR CONGELATION- 
DESCRIPTION MATHEMATIQUE ET VERIFICATION EXPERIMENTALE 

RbumC-Nous prtsentons ici la description mathematique de la separation du melange eutectique, en 
prenant en consideration l’effet de congelation qui a lieu a des plus fortes surfusion. Nous nous basons sur les 
resultats de l’analyse de la frigelisation compris dans le travail [l]. Les rdsultats de la solution numerique du 

probleme ont ttb compares avec l’expkrience. 
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TRENNUNG FLUSSIGER GEMISCHE DURCH AUSFRIEREN-MATHEMATISCHE 
BESCHREIBUNG UND EXPERIMENTELLE BESTATIGUNG 

Zusammenfassung-Es wird das mathematische Model1 der Trennung eines eutektischen Gemisches 
vorgestellt, wobei Erstarrungseffekte bei Unterkiihlung beriicksichtigt sind. In dem Model1 werden die in der 
Arbeit [l] beschriebenen Ergebnisse der theoretischen Untersuchungen des Ausfrierverfahrens angewandt. 

Die Ergebnisse der numerischen Liisung des Problems wurden mit experimentellen Daten verglichen. 

PA3AEJIEHME CMECER WiflKOCTER B IN’OUECCE BbIMOPAXMBAHMR. 
MATEMATWIECKOE Ol-IkiCAHME M 3KCllEPMMEHTAJIbHAfl lX-‘OBEPKA 

Auro+aumn-AHams npouecca sbmopaxmatwn, npemxaenemvii B [ 11, co3naeT ~CHOB~ arm MaTeMa- 
THqecxoro omicamin pa3nenemin 3BTeYTHWCYHX cMecefi c yqerohl *KTOB 3aMep3atmn, HMemuuix 
M~CTO np~ nepeoxnaxneHHH. JJamible, nonyseeame B pe3ynbTaTe SHcnemioro pemeHHa, cpaemisatoTca 

C 3KCnepBMeHTaJbHbIMH. 


